Abstract. We strengthen the gluing theorem (the main result of [2]) occurring on the spectral side of the geometric Langlands conjecture. Recall that the latter provides an embedding of IndCoh N (LS G ) into Glue P I(G, P ), a category glued out of "Fourier coefficients" parametrized by the standard parabolic subgroups of G. Our refinement explicitly identifies the essential image of such embedding. The key is to introduce, for each inclusion P ⊇ Q, a mixed Fourier coefficient I(G, P ⊇ Q). Formation of the latter is contravariant in P and covariant in Q, hence the assignment [P ⊇ Q] I(G, P ⊇ Q) is a functor out of twisted arrows of standard parabolics. Our theorem states that IndCoh N (LS G ) is the limit of such functor.
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It is also explained that the difference between these two DG categories is a manifestation of the noncommutativity of G, accounted for by the existence of proper parabolic subgroups. I.e., the two categories coincide iff G is a torus, in which case there are no proper parabolic subgroups. 0.0.2. This idea takes a more precise form in the spectral gluing theorem of [2] , which amounts to:
• a glued category
Glue := laxlim P ∈Par op I(G, P )
consisting of 2 rank (G) pieces, one for each standard parabolic subgroup; • a fully faithful functor γ : IndCoh N (LS G ) ֒→ Glue.
Here Par denotes the poset of proper parabolics, including G, with respect to inclusions.
In analogy with the extended Whittaker category construction (see [10] , [5] ), the gluing components I(G, P ) should be regarded as categories of Fourier modes and γ should be regarded as a Fourier decomposition. For instance, the category of G-Fourier modes I(G, G) coincides with QCoh(LS G ). Thus, musically speaking, the difference between IndCoh N (LS G ) and QCoh(LS G ) resembles the difference between a guitar with 2 rank (G) strings and a guitar with only one string.
2 0.0.3. The present work originates from the observation that such Fourier decomposition is imperfect, in that γ is not essentially surjective. In musical terms, this means that some chords do not emit a sound on that guitar with 2 rank(G) strings.
The goal of this paper is to correct this imperfection by identifying exactly which collections of Fourier coefficients belong to the essential image of γ. 0.1. The case of G = GL 2 . Let us explain the construction of [2] and our improvement in the simplest case of G semisimple of rank 1. For definiteness, we set G = GL 2 and keep this assumption in place until Section 0.3. 0.1.1. Since there is only one proper parabolic B, the difference between QCoh(LS G ) and IndCoh N (LS G ) is controlled by I(G, B), which is a certain DG category of sheaves on the formal completion (LS G ) 0.1.3. Let us recall the gluing process, following [2] . Consider the functor 0.1.4. For G = GL 2 , the spectral gluing theorem of [2] is an explicit fully faithful functor γ : IndCoh N (LS G ) ֒→ Glue := Glue QCoh(LS G ) → IndCoh 0 ((LS G ) ∧ LSB ) .
As mentioned, the starting point of the present work is the observation that such inclusion is not an equivalence. In other words, while QCoh(LS G ) is too small, gluing IndCoh 0 ((LS G ) ∧ LSB ) onto it makes the result too big. 0. 1.6 . In this paper, we state and prove a strong spectral gluing theorem which explicitly identifies the essential image of the inclusion γ. For G = GL 2 , our result can be stated now: informally, rather than gluing along (0.1), we glue along the cospan(=op-correspondence) below.
Theorem 0.1.7 (Strong specral gluing for G = GL 2 ). For G = GL 2 , the DG category IndCoh N (LS G ) is naturally equivalent to the limit of the diagram As we are about to illustrate, a similar phenomenon occurs in a much simpler (yet entertaining) situation. where V ≃ A n is a finite dimensional vector group, B its blow-up at the origin and E the exceptional divisor. The baby situation we will describe amounts to expressing D(V ) as a DG category glued out D(B) and D(pt) ≃ Vect. 0.2.2. Let us look at the following table of analogies, where the baby version is on the left and the adult version on the right:
QCoh(LS G ) QCoh((LS
Consider now the functor
where the arrow η :
is the obvious one obtained by adjunction. One can prove directly that γ baby is fully faithful (but not an equivalence). This is the baby version of the original spectral gluing theorem. 0.2.4. On the other hand, let us look at the prestack pt ⊔ E B and at its DG category of D-modules:
There is an evident inclusion
The baby version of the strong spectral gluing theorem states that γ baby factors as the composition of the equivalence
followed by the inclusion (0.2).
0.3.
Microlocality and "what acts on IndCoh". The baby version of the main theorem is much more than just an analogy, as we now explain. 0.3.1. Two properties of LS G (as well as all the LS P 's) are at play here.
The most important one is that these stacks are quasi-smooth. Any quasi-smooth stack Y has an associated stack of singularities Sing(Y), which is the classical truncation of the (−1)-shifted cotangent bundle of Y. This stack is used to define the notion of singular support for (ind-)coherent sheaves, see [3] and [1] . In the case at hand, Sing(LS G ) := Arth G is the space of (geometric) Arthur parameters consisting of pairs (σ, A), where σ is a G-local system and A a horizontal section of the flat vector bundle g σ .
The second (less important eventually) property is that they are global complete intersection stacks. By choosing an atlas appropriately, our statements about LS G reduce to statements about a global complete intersection scheme, that is, a scheme written as a fiber product U × V pt with U smooth affine and V a vector group. 0.3.2. Now let Y be a global complete intersection scheme. We need to assume some familiarity with the monoidal DG category H(Y ), see [6] , which in our case is just the category of modules over Hochschild cochains of IndCoh(Y ).
We will show that IndCoh(Y ) allows to relate module categories for H(Y ) and crystals of categories 
We also show that the right adjoint is fully faithful. This adjuction is functorial in Y in the natural sense: on the RHS we have the functoriality of sheaves of categories with local HC-actions as developed in [7] ; on the LHS we have the functoriality of shifted cotangent bundles. ). We will show that "D"(LY ), with its natural convolution structure is monoidally equivalent to D(Sing(Y )) ⇒ , the latter equipped with its pointwise monoidal structure. 0.4. The case of general G. To conclude this introduction, let us describe the shape of the strong spectral gluing theorem in the case G has higher semisimple rank. 0.4.1. The spectral gluing theorem of [2] amounts to an explicit fully faithful functor
where, we recall, Par is the poset of all standard parabolics subgroups of G.
Remark 0.4.2. To recover the statement for G = GL 2 , just note that IndCoh 0 ((LS G )
3. An object of Glue consists of:
• for each P ∈ Par, an object
is the obvious pullback functor;
• some natural compatibilities that we do not spell out.
By pushing forward along p P : LS P → LS Q in the H-sense, 3 we obtain an H(LS G )-linear diagram
3 that is, by tensoring up with H LS G ←LS P over H(LS P ) 0.4.5. The DG category Glue is constructed by disregarding Ψ G,P ⊇Q : indeed, the composition of the two arrows from left to right is exactly the functor ( p G,P ⊇Q ) !,0 that appeared in Section 0.4.3.
The key proposal of the present paper is that one should instead disregard Ξ G,P ⊇Q and keep Ψ G,P ⊇Q . In other words, our theorem states that an object of Glue as above belongs to the essential image of γ if and only if the following condition is satisfied: for any P ⊇ Q, the arrow η P ⊇Q induces an isomorphism
0.4.6. To state this more formally, we set
and consider the DG category
where the limit is taken along the cospans 
Here is a microlocal analogue of such theorem. Let N g ⊆ g be the nilpotent cone of the Lie algebra of G. For each pair of standard parabolics P ⊇ Q, consider the natural correspondence
over N g . Then the pullback functors yield an equivalence 
Global complete intersections
After a preliminary section on the shift of grading trick, we discuss the relationship between ind-coherent sheaves, Hochschild cochains and spaces of singularities in the case of global complete intersections.
1.1. Shift of grading. Consider the ∞-category
see [1] or [4] . We will make extensive usage of the "shift of grading" automorphism of G m -rep weak , defined in [1] and denoted by C C ⇐ . We denote by C C ⇒ its inverse. 
that sends {V i,n } {V i−2n,n } (here, for a graded DG vector space, we denote by V i,n its component in cohomological degree i and grading degree n);
• finally, set C ⇐ := C Gm ⊗ Rep(Gm) Vect, where G m acts trivially on Vect.
Example 1.1.3. The simplest instance of C ∈ G m -rep weak is C = A-mod for A a graded DG algebra. As above, we write A = {A i,n } where A i,n is the component in cohomological degree i and grading degree n. We have:
where A ⇐ is the graded DG algebra with components (A ⇐ ) i,n = A i−2n,n .
1.1.4. As evident from the latter example, the shift/unshift automorphisms do not commute with the forgetful functor G m -rep → DGCat. On the other hand, by construction, the invariant categories (C ⇐ )
Gm
and C Gm are equivalent as DG categories.
1.1.5. Recall that G m -rep weak is symmetric monoidal (compatibly with the forgetful functor to DGCat). The shift automorphism preserves the monoidal structure. Hence, it also preserves relative tensor products within G m -rep weak .
Example 1.1.6. Let V be a finite dimensional vector space and consider the obvious dilation G m -action. The G m acts on ΩV := pt × V pt and on IndCoh(pt × V pt). Under the Koszul duality equivalence
⇒ . This equivalence swaps the convolution and pointwise monoidal structures. By the theory of singular support, we deduce
Example 1.1.7. For V as above, G m acts on D(V ) by the paradigm of Example 1.1.3. We obtain an equivalence
where W 2 (V ) is the 2-shifted Weyl algebra 4 on V . The Fourier-Deligne transform yields an equivalence
Proposition 1.1.8. Consider again the scheme Y = ΩV and recall the action of QCoh(Y ) on IndCoh(Y ), as well as the action of QCoh(Y ) on Vect given by pullback along the inclusion pt ֒→ ΩV . There is a canonical equivalence
Proof. We use the above Koszul duality equivalences, together with the fact that the shift automorphism is symmetric monoidal:
where the fourth step follows (for example) by formal smoothness of (V * ) ∧ 0 , together with formal descent for IndCoh. 4 To fix the conventions, the ∂-variables of W 2 (V ) have negative (even) degrees. Remark 1.1.9. In fact, the above equivalence is the simplest nontrivial instance of the equivalence
valid for any quasi-smooth stack and any closed point y ∈ Y. This will be addressed in another paper.
1.2.
Microlocality for global complete intersections. For the purposes of this paper, we say that a DG scheme Y is a global complete intersection if it is presented as a fiber product Y = U × V pt, with U smooth affine and V ≃ A n a vector space. A global complete intersection is obviously quasi-smooth and viceversa any quasi-smooth scheme is Zariski locally of this form, see e.g. [1, Corollary 2.1.6].
For such Y , we exhibit an action of D(Sing(Y ))
⇒ on IndCoh(Y ) that commutes with the standard H(Y )-action. Consequently, we obtain a functor
which we show to be fully faithful. 5 We use this to analyze many DG categories concocted out of IndCoh.
1.2.1. Let Y = U × V pt be a global complete intersection. Such Y , together with its presentation, is regarded as fixed throughout Section 1. We start by constructing an action of
We have a G m -equivariant closed embedding
where the leftmost map is the dual of the differential and the rightmost map the zero section.
The Koszul duality equivalence IndCoh(pt
By construction, such action factors through the colocalization
Then the monoidal functor
, yields the desired action. This construction actually shows more: 
as subcategories of IndCoh(Y ).
Proof. This is tautological from the definition of singular support for ind-coherent sheaves.
Example 1.2.5. In particular:
5 Such functor is actually an equivalence, but we leave the proof of that assertion to another paper.
Let Sing(Y )
• := Sing(Y ) − O Y be the complement of the zero section and IndCoh(Y )
Such equivalence intertwines the following two actions of D(PSing(Y )):
• on the LHS, the action of D(PSing(Y )) constructed in [2] ;
• on the RHS, the action induced by the symmetric monoidal forgetful functor
1.2.7. The singular codifferential. For a map f : X → Y , we consider the standard correspondence Sing(X)
where the leftmost map is called singular codifferential, see [1] . Proposition 1.2.8. Let X be a quasi-smooth scheme equipped with a map f : X → Y . We do not require that X be a global complete intersection. Under the obvious equivalence
Proof. The two DG categories in question fit in exact sequences
By Example 1.2.5, we have:
Under this equivalence, the inclusion
goes over to the tautological inclusion
coincides with the essential image of IndCoh 0 (Y
The key ingredient to use has been established in [2] : an equivalence
compatible with the inclusions of both sides into IndCoh(Y ∧ X ). It remains to combine this with Section 1.2.6 to obtain
This concludes the proof. 
of the above proposition, the natural pullback functor
is obtained by tensoring up the pullback functor
Proof. Consider the diagram
with cartesian squares. From the factorization of s f •e as
we deduce the inclusion
. This implies that the top leftmost arrow above in an isomorphism. The assertion follows. 
of DG categories.
Proof. Observe that
where the leftmost map is the fiberwise sum. Now let us choose our favourite between the concepts of left and right: we pick left. Then we have an isomorphism
under which the structure inclusion s
and the latter is
as desired. 
which is also an equivalence. We will not need this fact in the present paper, so we defer it to another publication. See however the next section for an illustration in a simple yet significant example.
1.4. An example. Let us go over the above constructions in the case Y = ΩV = pt × V pt. As all the categories that appear below come equipped with a G m -action, we will use the grading trick (together with Koszul duality) to translate the statements above into familiar ones. We say that C corresponds to C ′ is the latter has been obtained from the former via the shift of grading. where W is the anti-diagonal inside W × W . By choosing left over right, we obtain an equivalence
where QCoh(W ) ′ has the meaning as in the previous section. ′ . In particular, we deduce that
, where the LHS is endowed with the convolution monoidal structure. This is the translation of Theorem 1.3.4 in our example. 
Strong spectral gluing
In this section, we construct our glued DG category
and the gluing functor
The construction follows a very general paradigm, which we eventually apply to the case of local systems.
2.1. Constructing the glued category. 
with both triangles commutative.
Let now
be a string of quasi-smooth stacks. By tensoring up the above diagram with H Y ←Z and recalling the natural equivalence (the main theorem of [7] )
we obtain the commutative diagram
2.1.7. We need a notation for the intermediate DG category. We set:
, where "temp" stands for "tempered", see [ 
Remark 2.1.8. If Y happens to be a scheme, the intermediate DG category can be rewritten in a more familiar way:
2.1.9. Consider the non-full subcategory QSmooth ⊆ Stk spanned by quasi-smooth stacks and schematic maps. Regarding Z ∈ QSmooth as fixed throughout, we will show the following fact.
Proposition 2.1.10. The assignment
Proof. For U e − → X f − → Y a string in QSmooth /Z , denote by p U , p X and p Y the structure maps to Z. Observe that the diagram
commutes up to a natural transformation. To prove the proposition, it suffices to show that the natural transformation in question is an equivalence of functors. By construction, we may assume that Y = Z, so that the diagram is question is
Up to a smooth base-change, we may assume that Y is a global complete intersection scheme (and consequently X and U are schemes). Then we can use the equivalences of Section 1.2.1 and the assertion becomes obvious.
2.1.11. Recall the notion of twisted arrows in a category C. Our convention is that Tw(C) = {[c → c ′ ]} is covariant in the first argument and contravariant in the second argument.
By abstract nonsense, a functor F : C → opCorr(D) = Corr(D op ) gives rise to a functor
in Tw(C) to the cospan obtained by applying F to the morphism a → b.
Remark 2.1.12. By construction, F Tw has the following property. For each string a → b → c in C, the corresponding diagram
is cocartesian.
2.1.13. In our case, starting from Proposition 2.1.10 we obtain a functor 
where the ̺'s are the right adjoints to the tautological inclusions. The triangle is obviously commutative, whereas the square only commutes up to a natural transformation. In general, it is too much to hope that the square be commutative. However, we will show in the next paragraph that the outer trapezium is commutative. Unraveling the construction, this is enough to yield the functor we want to construct.
Up to a smooth base-change, we can assume that Z is a global complete intersection scheme (and consequently X and Y are also schemes). Then we can use the theory of Section 1.2.1, as well as Remark 2.1.8, to translate the question microlocally. Here is the relevant diagram:
The assertion follows immediately. 2.3. The actual statement. Our spectral gluing functor will be a functor of the above sort, for specific choices of Z, N and φ.
2.3.1. We let Z = LS G be our base stack and take N to be the global nilpotent cone N ⊆ Sing(LS G ) =: Arth G .
Next, letting Par denote the poset of standard parabolics (ordered by inclusion), we consider the obvious functor φ : Par −→ QSmooth /LSG , P LS P .
Thus we obtain a functor IndCoh
Tw,Par 0
out of the 1-category of twisted arrows in the poset Par. Here we are using the notation "P − temp" instead of the more cumbersome "LS P − temp".
The 1-category
Tw := Tw(Par op ) is easy to grasp: it is a poset consisting of 3 rank(G) elements. E.g., for G of semisimple rank one, Tw is simply a correspondence diagram
For G of semisimple rank two, the Hasse diagram of Tw is the following
where P and Q denote the two maximal parabolics.
Theorem 2.3.4 (Strong spectral gluing). The H(LS
is an equivalence. 
. Thus, for G of semisimple rank 1, the theorem states that the commutative diagram
is a fiber square. This is the diagram we have been considering in Theorem 0.1.7.
A microlocal reformulation
To prove Theorem 2.3.4, we follow the strategy of [2] : the first step is to rewrite the statement in microlocal terms, that is, in terms of shifted D-modules on spaces of singularities. The second and last step (perfomed in Section 4) uses the combinatorics of [2] together with two key results recorded in Section 3.2.
3.1. The microlocal statement. We reduce the main theorem to a statement about D-modules.
3.1.1. The first step consists of eliminating the stackyness of LS G and LS P . To this end, recall that the functor
of Theorem 2.3.4 is H(LS G )-linear. In particular, it is QCoh(LS G )-linear and so it suffices to prove it is an equivalence after pulling back to an atlas Y ։ LS G .
3.1.2. We will choose an atlas that is a global complete intersection. To do so explicitly, let us fix a point x ∈ X once and for all. This choice gives rise to a map LS G → BG and to a canonical atlas
Even more explicitly, we can write Y = Y ′ × g pt, where Y ′ is a certain smooth subscheme of LS RS G × g/G g, see [1] for more details.
3.1.3. Denote by Y Q and N the schemes obtained from LS Q and N by pulling back along the map Y ։ LS G . We have
and, by Remark 2.1.8,
Thus, Theorem 2.3.4 reduces to showing that the natural functor
constructed as in Section 2.2.3, is an equivalence.
Since Y is a global complete intersection, we have by Section 1.2 an action of D(Sing(Y ))
⇒ on IndCoh(Y ). With this action in hands, we rewrite
Similarly, by Proposition 1.2.8, we have:
where we have denoted by s P : Y P × Y Sing(Y ) → Sing(Y P ) the singular codifferential of the map Y P → Y .
Let us set
Tautologically, N P ⊇Q is the base-change along Y → LS G of the moduli stack
where by abuse of notation s P denotes also the singular codifferential on p P : LS P → LS G . In words, N P ⊇Q is the stacks of pairs (σ Q , A), where σ Q is a Q-local system and A a horizontal section of (u P ) σQ .
The assignment [P ⊇ Q]
N P ⊇Q extends to a functor Tw := Tw(Par op ) → Stk, given by compatible diagrams
By pulling back along the natural maps N P ⊇Q → N, we obtain a functor
that induces γ strong Y via grading shift and tensoring up with IndCoh(Y ). Hence, it is clear that the following result implies Theorem 2.3.4.
Theorem 3.1.7 (Strong microlocal gluing). The natural pullback functor
is an equivalence.
Two key tools.
In this section, we state and prove two results that will be needed for the proof of Theorem 3.1.7. The first one is the fact that, under some properness conditions, equivalences of categories of D-modules can be checked on geometric fibers. The second one, which is related to the first, is excision for D-modules.
3.2.1. Let f : X → Y be a map of prestacks with Y a scheme. We say that f is pseudo-proper if
where each f a : X a → Y is a scheme proper over Y . It is easy to see that, whenever f is pseudo-proper, the pullback functor
is an equivalence if and only if, for any geometric point y ∈ Y , the resulting pullback
Proof. The "only if" direction is obvious. To prove the converse, let us assume that each functor ( f | y ) ! is an equivalence. We need to prove that the two natural transformations
are equivalences. The latter has been dealt with in [2, Lemma 6.1.7], so let us focus on the former. It suffices to show that, for any M = {M a } ∈ D(X) and any b ∈ A, the resulting map
is an isomorphism in D(X b ). In turn, this can be checked separately on each geometric point X b . For i x : pt ֒→ X b the inclusion of such a point, we need to show that the arrow
is an isomorphism of DG vector spaces. Let y = f b (x) ∈ Y and consider the inclusion i y : pt → Y . Since f is pseudo-proper, f ! satisfies base-change against (i y ) ! . Using this and the hypothesis on ( f | y ) ! , the assertion boils down to a simple diagram chase. N P ⊇Q and let µ : N Glued → N be the map defined by combining the various µ P ⊇Q 's. Theorem 3.1.7 states that the pullback
is an equivalence. By smooth descent, this can be checked after pulling back along the atlas Y ։ LS G . We now use the above proposition to show that this can be even checked separately on geometric points of N.
Glued ) is an equivalence for any (σ, A) ∈ N( ), then (3.4) is an equivalence too.
Proof. The maps µ P ⊇Q are schematic and proper. Hence, after having base-changed along Y → LS G , we are in the pseudo-proper situation covered by the proposition.
3.2.5. We now have great news: the prestack N σ,A Glued already appeared in [2] under the name of Spr σ,A Glued,unip , a name that we adopt from now on. Accordingly, we also set
This is the scheme of Q-reductions of σ with the property that A is a horizontal section of (u P ) σQ . Like N P ⊇Q , the assignment
is a functor out of Tw := Tw(Par op ).
3.2.6. In [2] , it is shown that Glued,unip ) is fully faithful. To prove our main theorem, we need to show a bit more: we need to show that the same functor is an equivalence. We will do so in Section 4 by refining the proof of the fully faithfulness given in [2] . Essentially, the only improvement to be made is the usage of the full force of the following excision result. (The authors of [2] only use half of the statement.) 
Vect is an equivalence. The notations j ′ , U ′ and C ′ bear the obvious parallel meaning. We observe that C sits in the exact sequence of DG categories
with functors defined as follows:
Consider also the same exact sequence for C ′ . By the assumptions, α : C ′ → C extends to a functor out of exact sequences (that is, the four squares commute), with the two outer terms being equivalences. It follows that it is an equivalence.
Contractibility of glued Springer fibers
In this final section, we prove Theorem 3.1.7 and consequently Theorem 2.3.4. We follow [2, very closely.
Springer fibers. Recall Spr σ,A
Glued,unip , the prestack of glued Springer fibers, defined in Section 3.2.5 and in (3.6) . By Corollary 3.2.4, it is enough to prove the following result, which is our goal until the end of the paper. . Let G = GL 3 and σ the trivial local system as before, but this time we take A to be a subregular nilpotent element. Denoting by P 1 and P 2 the two maximal parabolics, we have:
Glued,unip is the colimit of the diagram pt և P 1 ֒→ P 1 ∨ P 1 ←֓ P 1 ։ pt.
Note that P 1 ∨ P 1 is the scheme pushout of the correspondence P 1 ←֓ pt ֒→ P 1 , which is different 6 from the prestack pushout of the same diagram. However, reasoning as in Proposition 3.2.2, the natural map from the latter to the former induces an equivalence on D-modules. In particular, we have
Glued,unip ) is equivalent to the DG category of D-modules on the prestack colimit of the diagram pt և P 1 ←֓ pt ֒→ P 1 ։ pt.
The latter colimit is evidently isomorphic to pt. 
We have functors is an equivalence. We will use the assumption of Proposition 4.1.9 on M , the Levi quotient of R. Let σ M to be the M -local system induced from σ R and A M the projection of A to a section of m σM . of DG categories. By the above observation, we know that the bottom horizontal arrow is an equivalence, whence so is the top one. Thus, it remains to show that the left vertical arrow is an equivalence, which is the content of the next lemma. Proof. We proceed in steps.
Setting Spr
Step 1 Glued is isomorphic to pt. Hence, from now on we assume that w = w ′ 0 .
Step 2. Tautologically is an equivalence provided that, for any P ∈ Par ′ , the natural arrow
is an equivalence of DG categories. We will prove the latter statement in the lemma below.
Step 4. Assuming this for the moment, the equivalence (4.1) says (by passing to right adjoints) that the pullback functor D Spr on the open complements. Hence, the assertion follows by excision (Proposition 3.2.7).
